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finitely dilute solutions. For concentrated solu- using mixed solvents, especially if a dynamic ap-
tions certain complications can be expected in the proach is employed. 
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The Concentration Distribution in Two-Salt Moving Boundaries 

BV L. G. LONGSWORTH 

Introduction.—The development of the schlie-
ren scanning technique1 for studying the electro
phoresis of proteins has, somewhat unexpectedly, 
provided a tool with which to investigate in detail 
the moving boundaries that have been used for 
the measurement of the transference numbers of 
strong electrolytes. Such boundaries, it will be 
recalled, are formed between two solutions of bi
nary salts having a common ion, the salt present 
in the region into which the boundary moves on 
passage of the electric current being called the 
"leading" electrolyte whereas that behind the 
boundary is termed the "indicator" electrolyte. 
Boundaries of this type will be called "two-salt" 
boundaries in order to distinguish them from 
other types of moving boundaries such as protein 
boundaries2 and concentration boundaries.* 

According to the theory developed by Weber4 

the mixing effect of inter-diffusion at a two-salt 
boundary is balanced by a separating effect due 
to ion migration6 if the mobility, u\, of the indica
tor ion constituent is less than the mobility, Mi, 
of the leading ion constituent and if the current is 
passed in the appropriate direction. Under these 
conditions the concentration distribution in the 
boundary for a given current density J is inde
pendent of the time and the boundary velocity is 
given by the relation 

v = IT1/FCx (D 
in which F is the faraday, Ti the transference 
number of the leading ion constituent and G is 
the concentration, in equivalents per milliliter, 
in the body of the leading solution. Whereas the 
concentrations of the salt solutions forming the 
boundary initially may be selected independently 
of each other, the concentration, Cj, of the column 
of indicator electrolyte that is formed by the ad
vancing boundary is not independent of Ci but is 
given by the relation 

C, = C1T1ZT1 (2) 
in which T1 is the transference number of the in
dicator ion at the concentration Ci. If the bound
ary is formed initially between the leading solu-

(1) Longsworth, T H I S JOURNAL, 61, 529 (1939). 
(2) Tiselius, Trans. Faraday Soc, SS, 524 (1937). 
(3) Longsworth, T H I S Jotmsi i . , 68, 1755 (1943). 
(4) H. Weber, "Die partiellen DiSerential-Gleichungen der 

mathematischen Physik," Braunschweig, 1910, 5th edition, chapter 
24. 

(6) Maclnnes and Cowperthwaite, Proc. Natl. Acad. Set., 15, 18 
(1929). 

tion and the indicator solution at a concentration 
Ci' which is different from that, Ci, required by 
equation (2), then, as will be demonstrated later in 
this paper, a concentration boundary between the 
indicator salt at the two concentrations Ci and Ci' 
remains near the initial boundary position as the 
two-salt boundary advances. 

In addition to the requirement that Mi < Mi 
there is the restriction that the boundary system 
be stable gravitationally. This means that if the 
indicator solution is less dense than the leading 
solution the latter must be underneath and the 
boundary must descend. If the indicator solu
tion is more dense than the leading solution the 
latter must be on top and the boundary must rise. 
Moreover, since the densities of most salt solu
tions increase with increasing concentration, 
gravitational stability also requires that the in
itial indicator concentration, Ci', be equal to or 
greater than that, C1, of the adjusted indicator 
solution for a rising boundary whereas for a de
scending boundary Ci' ^ C1. 

Under the conditions prevailing in previous 
work with two-salt boundaries the transition from 
one solution to the other occurs within less than a 
millimeter. Such a sharp boundary can be lo
cated accurately with the aid of relatively simple 
optical arrangements, advantage being taken of 
t i e difference of refractive index at the boundary, 
and this is sufficient for a determination of the 
boundary displacement and hence the transfer
ence number Ti. The optical devices previously 
employed have not, however, given information 
concerning the magnitude and distribution of the 
gradients in the boundary and the manner in 
which these vary with the current. This informa
tion can now be obtained with the aid of the 
schlieren scanning camera. It is the purpose of 
this paper to report measurements of the gradients 
in typical boundaries and to show that they are 
in agreement with Weber's theory.4 

Experimental Results.—The patterns of Fig. 1, 
recorded during the electrolysis at 0.5°, of 0.1 N 
potassium iodate:0.1 N potassium chloride at a 
current density of 0.00655 amp./sq. cm., are 
typical of the results obtained in this research. 
The time interval between all of the patterns 
after the second was one hour. In order to avoid 
overlapping of the concentration boundary peak, 
each successive pattern has been displaced a fixed 
distance vertically. The line h» in each pattern 
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Fig. 1.—Schlieren scanning patterns obtained during 
the electrolysis of a boundary formed initially between 0.1 
N KIO3 and 0.1 iV KCl. 

is due to a graduation on the cell that serves as a 
reference mark from which all boundary displace
ments are measured. Except for the necessity of 
automatic regulation of the current6 in work with 
two-salt boundaries, the apparatus and experi
mental procedures employed have been ade
quately described in recent papers by the author.37 

Several features of the direct moving boundary 
method, previously inferred but unconfirmed ex
perimentally, are at once apparent in Fig. 1. The 
first pattern, a, was obtained after the boundary 
had been formed and shifted from behind the 
opaque horizontal plates of the cell, but before the 
electric field was applied. On passage of the cur
rent this boundary separated, as shown in Fig. Ib, 
into the concentration boundary, m, between po
tassium iodate at the concentrations & and 0.1 N 
and the two-salt boundary, n, between potassium 
iodate at the concentration Cx and 0.1 N potas
sium chloride. On continued electrolysis, Figs, 
lb-g, the concentration boundary spread pro
gressively due to diffusion whereas the two-salt 
boundary acquired, by the time the pattern of 
Fig. Ic was recorded, a salt distribution that re
mained unchanged. 

(6) Longsworth and Maclnnes, THIS JOUKNAL, «0, 3070 (193$) 
(7) Longsworth, Chim, Rt*., M, 323 (1942). 

With the patterns arranged as in Fig. 1, the 
constancy of the maximum gradient in the two-
salt boundary is indicated by the fact that these 
maxima fall on a straight line. The slight de
crease in the height of the peak as the boundary 
approaches the upper end of the channel, Fig. Ig, 
is probably due to a small convergence error in
herent in the optical system* and not to a change 
in the salt distribution through the boundary. 
In one experiment in which the boundary dis
placement was balanced by addition of solution, 
thereby holding it at the same level and conse
quently maintaining the convergence error at a 
constant value, the salt distribution in the bound
ary did not vary during continuous electrolysis 
for two weeks. 

As recently shown experimentally,3 the dis
placement of the concentration boundary, m, of 
Fig. 1, is proportional to the difference of trans
ference number between the two solutions of po
tassium iodate forming this boundary. The 
quantity of electricity passed in this experiment, 
although sufficient to cause the two-salt boundary, 
n, to move the length of the channel, was not 
large enough to permit a reliable determination of 
the concentration boundary displacement. The 
area of the peak corresponding to the boundary 
at m does, however, afford a measure of the con
centration adjustment of the indicator electrolyte. 
Since the refractive index increment9 for 0.1 N 
potassium iodate, using the mercury yellow line, is 
0.00282 and the area of the concentration bound
ary corresponds to An = 0.00102, the adjusted 
concentration C\ is 0.0640 N. The displacement 
of the two-salt boundary in Fig. 1 gives a value of 
0.504 for the anion transference number, Ti, of 
0.1 N potassium chloride at 0.5°, in agreement 
with that, 0.505, obtained by extrapolation of the 
data of Allgood, Le Roy and Gordon.10 Substitu
tion of these figures in equation (2) gives 0.323 as 
the anion transference number, Ii, of 0.064 N po
tassium iodate. Since the precision of the refrac
tion increments from measurements of pattern 
areas is about * 1 X 1O-8, the error in T1 is prob
ably not more than 1%. Although this error is 
greater than that characteristic of the direct de-

(8) Svensson, Kolloid-Z., W, H l (1940). 
(9) The refraction increments reported here have been determined 

at 0.5° with the aid of the schlieren scanning camera and a 60° hollow 
prism cell. The prism, filled with water, was placed in the thermostat 
in the focus of the camera, set for minimum deviation, and a scanning 
photograph was obtained. The prism was then rinsed and filled 
with a salt solution of known concentration and again photographed. 
The deflection D due to the salt solution it connected with the refrae 
tive index difference 4n and the prism angle a by the relation (R. W 
Wood, "Physical Optics," The Macmillan Co., New York, N. Y., 
1924) An — sin'M= + D)/sin Via. The reproducibility of this 
differential method, 4K * 5 X 10 "•, compares favorably with that 
attainable with the Zeiss-Pulfrich refractometer. I have not been 
able to find data in the literature for comparison with my values at 
0°. I have, therefore, also made measurements at 10*, 18 and 30° 
for several salts and these are in agreement with the best available 
data. Contrary to the general impression, the temperature coeffi
cient of the refraction increment is not negligible for many salts at 
temperatures in the neighborhood of 0*. 

(10) Allgood Le Roy and Gordon, J. Ctum. PIiV-, 8, 418 (1940). 
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termination of 7\ for the leading solution from the 
displacement of the two-salt boundary, the 
method just outlined will be useful when other 
methods are not available. 

Another feature of the direct moving boundary 
method is illustrated in Fig. 2. In this figure the 
patterns of a 0.064 N potassium iodate: 0.1 N po
tassium chloride boundary, obtained during elec
trolysis at three different current densities, have 
been placed at the corresponding positions on the 
current axis. When mounted in this manner the 
maximum gradient of each pattern falls on a 
straight line passing through the origin, *'. e„ this 
gradient is directly proportional to the current. 
With currents heavier than that corresponding to 
Fig. 2 c the light deflected by the steepest gradi
ents in the boundary fails to enter the camera 
objective. Some idea of the sharpness of the 
boundaries used for routine transference number 
determinations may be obtained from the fact 
that the current densities employed range from 
five to ten times the maximum value used in the 
present research. 

With lithium chloride as the indicator electro
lyte for the potassium chloride, the boundary 
descends since the leading solution is heavier and 
must remain below. Moreover, the initial indi
cator salt concentration, C/, should, therefore, be 
equal to, or less than, the adjusted concentration, 
G. Thus when a 0.05 N lithium chloride:0.1 N 
potassium chloride boundary was studied in the 
same manner as the potassium iodate: potassium 
chloride boundary a stable concentration bound
ary was left behind near the initial position as 
the two-salt boundary descended. Since the re
fraction increment for 0.05 N lithium chloride is 
0.00047s and the area of the concentration bound
ary corresponded to an increment of O.OOOO87, 
the adjusted concentration, &, may be computed 
to be 0.0592 N and T1, by equation (1), is 0.294. 
When a 0.1 N lithium chloride solution was used 
to form the boundary, this solution, being heavier 
than the underlying 0.059 N solution produced by 
the migration of the two-salt boundary, mixed with 
the latter and the resulting schliere were clearly 
visible in the focus of the camera. This convective 
circulation partially penetrated the boundary, dis
torting it and causing it to move too rapidly. 
Similar disturbances were also apparent when the 
lithium chloride concentration was 0.065 N. 

The Theory of Two-Salt Boundaries.—As has 
been shown conclusively in previous experimen
tal work,11 a two-salt boundary moves with a con
stant velocity under the influence of a constant 
current density. The present research demon
strates that under these conditions the concentra
tion distribution through the boundary also does 
not change with the time. The concentrations 
are, therefore, functions of the time t and the co
ordinate h, i. «., the vertical height in the channel, 
of the form 

(11) Maclant* MMl LoBgtworth, ClUm. Xn., 11, 171 (1033). 

c - /(A - «0 (3) 
in which v is the boundary velocity. This rela
tion is the basis of Weber's theory for the concen
tration distribution in a two-salt boundary. The 
following is a brief statement of his theory. 

Fig. 2.—Patterns of a 0.064 N KIO,: 0.1 2V KCl boundary 
at three different current densities. 

As has been shown in an earlier paper11 the 
equation of continuity for an ion of the j'-th kind is 

U dh LM \*h ' £»A )j (*> 

and the expression for the current density is 

' - - ' £ ? ( § ? + • » £ ) <« 
In these equations E and y. are the electrical and 
chemical potentials, respectively, both expressed 
in volts. The valence of an ion, account being 
taken of its sign, is denoted by z whereas \z\ indi
cates the magnitude only. 

Since bc/bt = —vf'(h — vt) = —vdc/bh from 
equation (3), equation (4) becomes, after integra
tion 

•*+is ,(&+«£)-'1 ' (6) 

in which A\ is a constant of integration. Since 
the present treatment will be restricted to a sys
tem in which the leading ion, 1, and indicator ion, 
i, are monovalent cations, c denoting the common 
monovalent anion, equation (6) becomes 

Vd 4- CiUiidn/dk + dE/dh) - Af (7) 
vci + ciui(dn/dh + dE/dh) - Ai (8) 
vc. + c.u,(d^/dh - dE/dh) - A. (9) 

At h — + <*>, Ci = 0 and A1 — 0 while at A = — <*>, 
Ci = 0 and A\ — 0. Moreover, if equation (9) be 
subtracted from the sum of equations (7) and (8), 
it will be noted, on comparison with equation (5), 
that Ac = I/F since electrical neutrality requires 
t ha t Ci + Ci — Cc = 0. 

Elimination of dE/dA between equations (7) 
and (8), followed by integration, assuming the 
mobilities to be constant, gives 

w - w - (1/ui - l/u,)i/A + B' (10) 
If, now, the approximation is made that 

A = ^0 + *lnc (11) 
in which * - RT/F, R being the gas constant in 
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joules per degree and T the absolute temperature, 
equation (10) may be written 

In(CiA1) = ( l /«i - 1/«i)i-A/* +B (12) 

If the origin is taken at that level in the boundary 
for which a — c\, the constant of integration, B1 

is zero. Equation (12) can then be written 
In q + vh/ki»i = In Ci + vh/kui - In <p (13) 

thereby defining a function, \[> (h), that remains 
to be determined. Elimination of m and d be
tween equations (11), (13) and (7) yields 

dE/dh = - Ad In t/dh (14) 

If (T is defined as {e~vhlk^ + e-»*/*"i), then 
cc = Ci + Ci = 4,0- (15) 

Substitution of equations (11), (14) and (15) in 
equation (9) gives 

/ 0 , din VA .. . / 
Ah 

<fidh 
2AFM0 

dh 

Since a is a known function of h, this is an equa
tion of the Bernouilli type12 whose integrating 
factor is \/~a e°h/iku° and whose solution is, therefore 

4, = 
I e-,h/2tu0 fh gnh/lh,a 

Ah 
2kFucV& J-a Vc 

the lower limit of integration being determined 
from the condition that ^ must vanish for h = 
— co. This is the result obtained by Weber. 
The same result is also obtained if i and 1 are 
monovalent anions. 

- 2 - 1 0 

oh/2kut. 

Fig. 3.—The theoretical concentration distributions of 

the indicator ion, i, the leading ion, 1, and the common ion, 

c, in a typical two-salt moving boundary. 

Computations with the foregoing relations are 
greatly facilitated if the mobilities uc and U\ are 
simple multiples of Mi, which is very nearly the 
case for the boundaries studied in this research. 
Thus, by combining the transference numbers re
ported earlier in this paper with conductance data, 
one obtains, at 0° and for 0.1 N solutions, FMK = 
35.4 ~ Fuc\ = 35.9 whereas Fuu = 15.0 £^ Fuw, 
— 16.2 ~ V« -FWCI- Consequently a close approxi
mation is made by taking 

(12) E. B. Wilson, "Advanced Calculus," Ginn and Co., Boston, 
1911, p. 210. 

2«, = «i = U, = 35.6/F (16) 

Equation (13) then becomes, on reference to equa
tion (1) 

Ci/Ci = 1 - sinh-i y/y V l + 5-2 (17) 

and 
C; = c,/y» (18) 

in which vh/2kuc = lay. 
These functions are plotted in Fig. 3 and indi

cate the distribution of concentrations in a typical 
two-salt boundary. 

Differentiation of equations (17) and (18) yields 

2Aw0 dci _ 

TCT Ah ~ T + y' 
( l+2y> \ 

0 2ku„ d_£i _ 1_ /2AM0 dcj _ _ c\_ 

vCy Ah y1 \ vCi Ah 

(19) 

(20) 

The lower curve of Fig. 4 is a plot, in the reduced 
coordinates vh/2kuc and (2kuc/vCi)dc/dh, of 
equation (19) after multiplication of the left 
hand term by 10.8, the equivalent refractive 
increment for potassium chloride, while the upper 
curve corresponds to equation (20) after multi
plication by 28.2, the increment for potassium 
iodate. The intermediate curve of Fig. 4 is the 
sum of the upper and lower curves and represents, 
therefore, the theoretical gradient curve, dn/dh, 
of the total refractive index. In so far as the 
theory is valid, this curve should correspond to 
those recorded experimentally. The scale of or-
dinates in Fig. 4 has been inverted to conform to 
the current practice in the publication of electro-
phoretic patterns. 

R l : 5 

- 4 2 3 - 2 - 1 0 

vh/2kue. 

Fig. 4.—Distribution of the gradients An/Ah, of re

fractive index in a 0.064 N KIOS:0.1 N KCl boundary. 

With the aid of a two-coordinate comparator 
points were taken from the first two patterns illus
trated in Fig. 2 and plotted as the circles and dots, 
respectively, in Fig. 4.13 The agreement between 

(13) Points taken from the pattern of Fig. 2c, corresponding to the 
highest current density, have not been plotted in Fig. 4 since this 
sharp boundary appears to be subject to a slight curvature errors. 
A comparison between theory and experiment similar to that of 
Fig. 4 was also made for the descending lithium chloride: potassium 
chloride boundary and substantial agreement was found, the some
what greater deviations being due to divergence of the lithium ion 
mobility from the relation assumed in equation (16). 
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the theory and experiment shown in this figure is 
surprisingly close, particularly in view of the 
simplifying assumptions that were found neces
sary. This agreement would appear to confirm 
completely the postulated mechanism, i. e., that 
the boundary is the result of the interaction of 
diffusion and of ionic migration, and gives us still 
further confidence in the moving boundary 
method. 

Since the maximum in the total gradient curve 
does not occur at h = 0, it is essential to locate 
this maximum accurately in order to have a refer
ence point on the abscissa scale from which to 
plot the experimental data. For this purpose the 
expression for d2«/d&2 was obtained, set equal to 
zero, and the roots determined from a plot of the 
function. The position of the maximum de
pends, of course, on the relative values of the 
equivalent refraction increments and occurs at 
In y = 0.419 for the lithium chloride !potassium 
chloride boundary and at In y = 0.037 for the po
tassium iodate: potassium chloride boundary. In 
the latter case the theory also predicts a slight 
minimum in the gradient curve at In y = 2.8. It 
is of considerable interest that close inspection of 
the patterns reveals this minimum (see d of Fig. 2, 

In connection with the volunteer research pro
gram conducted by the Committee on Eutectics 
of the National Research Council, the senior 
author found that he was unable to confirm the 
accepted data on the system ammonium nitrate-
sodium nitrate that he used to standardize his 
technique. The discrepancies in the determina
tion of the points on the solubility curves were so 
large as to suggest that the work of Early and 
Lowry1 on this system might be in error. 

As a result, this investigation was begun to re
determine all parts of the system and to study the 
various factors that might lead to error such as 
(1) the method of purification of materials, (2) 
the length of drying of the purified materials and 
(3) the technique of determining points on the 
curve. 

Purification of Materials.—The pure ammonium nitrate 
was supplied by the Committee on Eutectics.2 It was of 
highest purity and the dry material was found by analysis 
to contain 100.01% ammonium nitrate. It was ground 
frequently and kept in a desiccator over Anhydrone for the 
entire period of the research. This material was used in 
all determinations. 

The sodium nitrate (Merck Reagent) was further puri
fied by two methods: (A) thrice recrystallized from 

(1) R. G. Early and T. M. Lowry, J. Chem. Soc, U l , 963 
(1922). 

(2) Courtesy of Frofeuor Edward Mack, Jr., Chairman. 

for example) and that both its position and mag
nitude are in agreement with the theory. Owing 
to the relatively great density of potassium iodate 
solutions the minimum in the refractive index grad
ient curve is not accompanied by a corresponding 
minimum in the density gradient and the bound
ary remains, therefore, gravitationally stable. 

The author is indebted to Dr. D. A. Maclnnes 
of these Laboratories for his continued interest 
and helpful discussion. 

Summary 
Salt boundaries of the type used for the direct 

determination of transference numbers have been 
studied with the aid of the schlieren scanning 
camera. Several features of the direct moving 
boundary method that were assumed in previous 
work have now been confirmed experimentally. 
Under the influence of a constant current the con
centration distribution through a moving bound
ary does not change with the time and is given 
accurately by Weber's theory. Moreover, the 
adjusted concentration of the indicator solution, 
and hence its transference number, may be deter
mined from the electrophoretic patterns. 
NEW YORK, N. Y. RECEIVED NOVEMBER 19, 1943 

water, ground frequently and kept over Anhydrone; (B) 
precipitated by concentrated nitric acid, washed with 
water, twice recrystallized, ground and kept over Anhy
drone. 

Thermometers.—Two thermometers used were of the 
twenty-four inch 0.1° type. Both were calibrated against 
the melting points of pure organic compounds and one by 
the Bureau of Standards, in addition. 

The Melting Point Measurements 
(a) Standard Microtechnique.—This technique con

sisted in weighing out a sample of a tenth of a gram into a 
three-inch test-tube, fusing the mixture and stirring until 
clear, cooling and removing the solid melt, grinding it to a 
powder, introducing a portion of the ground material into 
a 2-mm. capillary tube and then determining the point at 
which the last crystals disappeared on very slow heating. 

It was found that the Thiele-Dennis melting point appa
ratus did not give satisfactory results, so a melting point 
apparatus had to be devised that would permit better heat 
control and give more uniform results. This was accom
plished by building a special gas control valve for the con
ventional apparatus which consists of a beaker full of oil 
over a microburner, and surrounding the bulb of the 
thermometer by a glass basket into which the capillary 
melting point tube was placed. A description of this 
apparatus can be found in the Journal of Chemical Educa
tion. * 

This method worked quite satisfactorily for the left-hand 
side of the system, the solubility curve of ammonium 
nitrate, but difficulty was experienced on the right-hand 
side, the solubility curve of sodium nitrate. The trouble 
was caused by a rapid settling out of solid sodium nitrate 

(3) Edward O. Holmaa, Jr., / . Chem. Ed., 10, 239-240 (1943). 
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